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Abstraet--A model is presented for the calculation of transient combined radiative/conductive heat transfer 
in heterogeneous semitransparent materials at elevated temperatures. It is based on optical material 
properties (:~cattering, absorption) that can be determined experimentally at room temperature. This model 
is applied to the simulation of laser-flash measurements on ceramic powder compacts. We demonstrate 
that the relevance of the radiative contributions for the determination of the thermal diffusivity from laser- 
flash measurements depends on the sample thickness, which is confirmed by corresponding experiments. 
It is shown that the thermal diffusivity of 1-2 mm thick alumina powder compacts may be overestimated 

by about 10-20% at 850°C. Copyright © 1996 Elsevier Science Ltd. 

1. INTRODUCTION 

The laser-flash technique [1 ] is widely used for thermal 
diffusivity measurements. The front side of the sample 
is irradiated by a short laser pulse. The temperature 
at the back side is monitored using a i.r. detector. The 
thermal diffusivity is determined from the variation of 
the temperature at the rear side Of the specimen. 

In order to get a detectable rear side temperature 
rise, a sufficient amount of laser energy must be 
absorbed by the s~Lmple. As many samples (e.g. most 
ceramics) have lew emissivities in the wavelength 
range from 500 nm to 3/~m either a laser, that emits 
in a region of strong absorption (e.g. a CO2 laser with 
2 = 10.6 #m) must be used, or the samples must be 
coated with strongly absorbing material (e.g. graphite). 

Direct radiative transfer between the sample sur- 
faces as well as radiative interactions between coating 
and sample can be avoided by coating both sample 
sides first with a reflecting material (e.g. gold) and then 
applying an absorbing coating [2]. Although direct 
radiative transfer between the surfaces can thus be 
excluded there may still be radiative transport within 
the sample. 

Transient heat transfer for absorbing and emitting 
media, as reviewecl by Viskanta and Anderson [3], 

has been widely investigated. However, most authors 
restrict themselves to the treatment of prescribed 
boundary temperatures. The transient cooldown of a 
gray absorbing, emitting and scattering medium was 
investigated by Weston and Hauth [4]. Saulnier [5] 
treated transient heat transfer in an emitting and 
absorbing slab irradiated by a heat pulse at one black 
boundary. He improved Hottel's zonal method [6] for 
his calculations. He Ping and Lallemand [7] investi- 
gated semitransparent slabs with further generalized 
boundary conditions. Darby [8] showed the impor- 
tance of radiative heat transfer at elevated tempera- 
tures for laser-flash measurements on float glass in a 
steel-glass-steel layer stack. Maillet et al. [9] finally 
applied the general considerations of He Ping and 
Lallemand, to calculations concerning the conditions 
under which laser-flash measurements on float glass 
are free of radiative contributions. 

All the mentioned articles concerning laser-flash 
measurements only consider absorbing and emitting 
media. As porous ceramics do not only absorb and 
emit radiation but also scatter it, we must deal with 
transient combined conductive/radiative heat transfer 
in absorbing, emitting and scattering media. As the 
absorption and scattering properties of these materials 
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NOMENCLATURE 

ai weights of Gaussian quadrature 7~,, T~ 
A see equation (A2) Tback 
bw(£) see equation (A6) T~ 
c velocity of light 
Cp specific heat To 
C see equation (A3) Tl 
d thickness of sample w 
e specific extinction x 

Xi 
erfc(~) 2 _  (~ due -u2 (complementary 

error function) 
fw(.~) see equation (A6) 

(%e ~3 
~|15 , d~ ~ (fractional f 0 _ ~ ( r )  
,~ ~ . ~  e -  

f u n c t i o n  of the first kind) 0 
h Planck constant 
i~(T) Planck function (blackbody /~app 

radiation in wavelength-range 
[2, 2 + d2] at temperature T) 

iP(T) Planck function integrated over band x . . . .  
m 

2 I(z,/~) intensity of thermal radiation at 
2L location z in direction 

/,, I+ intensity in discrete directions/~g J-cond 
IL laser intensity 
i~nc incoming intensity at front side # 

(blackbody radiation of furnace) 
I~ ~ incoming intensity at rear side #~ 

(blackbody radiation of furnace) ~b 
k absorption coefficient 
k L absorption coefficient at 2L Z 
kB Boltzmann constant ~' 
l loss factor 
n refractive index P 
p(/~, #') phase function of scattering # ~ #' ~rB 
q~ad flUX of thermal radiation z 
Ro reflectivity at front side Zo 
R~ reflectivity at rear side ~o 
t time 
At time step 
tL pulse length of laser 
T temperature [K] 
Tf furnace temperature [K] 
T~ temperature [K] at position x~ and 

time tj 

guess for T~ + 1 
backside temperature [K] 
equilibrium temperature rise for 
adiabatic boundary conditions [K] 
1 - R0 = transmission at front side 
1 - R1 = transmission at rear side 
total number of spectral bands 
position inside the sample 
position of node i 
x/d relative position. 

Greek symbols 
see equation (A4) 

fl-+ (£) see equation (A5) 
e accuracy for successive under 

relaxation 
polar angle 
2co,d/pCp ---- thermal diffusivity 
apparent thermal diffusivity, 
obtained from simulation (including 
radiation effects) 
thermal diffusivity determinated via 
laser-flash measurement 
wavelength 
wavelength of laser 
thermal conductivity according to 
Fourier's law 
cos 0 = directional cosine with 
respect to the x-axis 
cosine of discrete direction i 

azimuthal angle 
kLx 
see equation (A2) 
see equation (A4) 
density 
Stefan-Boltzmann constant 
e" x = optical depth 
optical thickness of sample 
albedo. 

Subscripts 
2 at wavelength ). 
m in spectral band m. 

Superscripts 
* refers to scaled quantities. 

exhibit a strong spectral variation the non-gray case 
has to be considered. 

The paper is organized as follows: first we will 
outline the theoretical model that we used for our 
calculations (Section 2) and describe the numerical 

algorithm (Section 3). The experimental deter- 
mination of the necessary input parameters is dis- 
cussed in Section 4. Finally, in Section 5 results 
will be presented, discussed and compared to 
experiments. 
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2. THE THEORETICAL MODEL 

2.1. Solving the equation of radiative transfer 
The spectral intensity of the thermal radiation 

inside the sample is governed by the one-dimensional 
equation of radiative transfer [10] 

d 
# ~  I~(z, #) = ~I~(z, #)~ 

loss 
by 

extinction 

( D  ~ + 1  

+ -23-, dp'p~(p:',p)I~(z,#'),+(1-o))i~(r(z)), (1) 
. 'C--  ~ gain 

gain by 
by thermal emission 

'in-scattering' 

with the Planck function 

n24hc 2 1 
ia(T(r)) = - -  in [2,2+d2] (2) 

~ " ;  e hc/Ik~T(~) - -  1 

as source function (the definition of the directional 
intensity l(z, #) is visualised in Fig. 1). 

As we are not interested in the exact angular depen- 
dence of the inten,~ities but rather in some angle inte- 
grated quantities (like the radiative flux), we may sim- 
plify (1). The scaling properties of  the equation of 
radiative transfer allow us to apply the so-called &0 
approximation ; that is to choose the unknown phase 
function to be isotropic, px(p, p') ~ 1, if at the same 
time we use the scaled albedo o)* and scaled extinction 
e* instead of e) and e. The scaled quantities are cor- 
related to the unscaled ones via the factor of ani- 
sotropy g (see ref. [11] for more details). 

For numerical reasons we replace the continuous 
variable i by discrete 'spectral bands' : m = [2m, 2~+ ,]. 
The source function (2) then becomes 

iP ( T(z*) ) ~- r!~ ~+~ d2 4hc2 1 (3) 
, I ,~  ~ 5  e hc/'~knT(r*) - -  1 ' 

where n,, is the arithmetic average of the refractive 
index over the spectral band m. In the same way we 
define the Planck-averaged albedo and extinction as 

x = d  ~=x0 

¢_~) v- = c o s  0 

0 ~ X /  I(%p.) i . t @ g  ~_ 1 

g = 0  

x=0  z = 0  
Fig. 1. Definition of the directional intensity l(z, p). For a 
one-dimensional infirdte slab the directional intensity does 

not depend on the azimuthal angle O. 

d2 
25 (e hc/z%r,- 1) 

(.Om $ - -  

fjm+~ 1 d2 25 (ehC/~Brf_ I) 
m 

f? e, d2 2s (eh~/~Br ~- 1) 
e* = (4) 

fj~÷~ 1 d2 2 s (eh~/,tkaT r -  1) 
m 

For simplicity we will drop the band index in the 
following, wherever possible. Equation (1) thus looks 
(for every spectral band) : 

d o* (*+ 1 
p~I(z*,U) = -I(z*, /~)+-~-j_ , /  d#'I(z*,#') 

i 
' +(1-a~*)iP(T(z*)). (5) I 

/ 

No general soluti6n is known for the integro- 
differential equation (5). An approximate solution 
can be obtained by the method of  discrete ordinates 
[12]. The integral in (5) is then evaluated by Gaussian 
quadrature, e.g. it is approximated by a sum 

f +l d# f(p) ~ ~ a,f(#i), (6) 
-- i = 1  

where in our case f(#) = I(T*, #). By suitable choice 
of the discrete directions #i and weights al a good 
approximation can be achieved even for small n. One 
possibility [13] is to choose directions and weights in 
such a way that the sum actually equals the integral if 
the integrand is a polynomial of degree ( 2 n -  1). Vari- 
ous other prescriptions exist in the literature [11, 12], 
depending on what one defines as 'good approxi- 
marion'. 

We performed our calculations using the three flux 
model (n = 3) for the following reasons : 

• The three flux model gives a better approximation 
than the two flux model (or Schuster-Schwarzschild 
approximation [14]), but does not introduce new 
mathematics. 

• As the source function in (5) is isotropic, the inte- 
grand is expected not to be strongly anisotropic. 
Thus it may already be represented satisfactorily by 
a polynomial of low degree. Comparison of pre- 
dictions for the radiative flux deduced from the 
scaled three flux model with Monte-Carlo simu- 
lations [15] have shown deviations of at most 10%. 

• The input parameters z* and ~o* are extracted from 
diffuse reflectance and transmission measurements 
using the same 3-0 three flux model (see Section 4). 

Invoking the method of discrete ordinates [12] 
equation (5) can be transformed into a set of coupled 
differential equations which then can be solved by 
standard procedures (see Appendix A for more 
details). 
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2.2. Coupling conduction and radiation 
Allowing for radiative heat transfer besides pure 

conductive heat transfer, the dynamic evolution of the 
temperature profile in the sample is described by an 
inhomogeneous diffusion equation : 

62 
pCp ~ T(x, t) -- ~-cond ~X 2 T(x, t) = -- div qrad (X, t). 

(7) 

For a porous material, the thermal conductivity 
2¢o,a depends, in a complicated way, on the solid phase 
conductivity, the conductivity of the gas that fills the 
pore space and the pore space geometry [16]. 

Thus the divergence of the total radiative flux 

I0 Q I_ 1 qrad (X, t) = d2 2~z d# #l~(x, t, ,u) (8) I 
appears as source term in equation (7). An expression 
for the divergence of the radiative flux can be obtained 
by overintegrating (1) with ~_+{ d# and leads to 

divqraa(X, t) = t °~ dZe~(1 -~o~) 
J0 

k emission , ab.~sor_Vption ,/ 

Explicit expressions for the radiative flux and its diver- 
gence within the three flux model are given in Appen- 
dix A. The numerical solution of (7) will be discussed 
in Section 3. 

2.3. Initial temperature distribution 
We used a CO2 laser at 2L = 10.6 #m with a pulse 

length of tL = 20 #S for thermal excitation. As the 
investigated materials have a large absorption 
coefficient (kL ~ 50 mm l for alumina) at this wave- 
length we did not coat them. 

The absorption length of many ceramics at 2L is of 
the same order of magnitude as the thermal diffusion 
length during the laser pulse duration tL. If we want 
to obtain the correct initial temperature profile we 
thus can neither treat absorption as a surface process 
and consider diffusion alone during tL, nor neglect 
diffusion and assume the temperature profile to be 
governed by absorption alone. The combined effect 
was taken into account by using the Green's function 
for the diffusion equation [17] : 

_ KLIL f ' L d u f ~ d y _  1 
T(x, tL) 2pCpx/-~ Oo o o x~ u 

X {exp((X~u) 2.) -~ exp ( ( x - - y ) 2 ~  ~ u - / J "  (10) 

After transforming the integral into a convolution 

integral [18] and solving it for constant laser intensity 
IL during tL one obtains : 

kL IL tL 
T(x, tL) -- 2pCp~b 2 

x Ie ~: +~) erfc(~b + Z/2q~) + e ~o:-x) erfc(q~ - ~/2q~) 

+ 2 (  2~ ~a e -(~/2~)2 \ ~  --X erfc(z/2~b)-e-X)l .  (11) 

3. THE NUMERICAL ALGORITHM 

The temperature profile inside the sample is cal- 
culated at n discrete positions xi; i = 1, . . . . .  n. The 
time integration is performed iteratively in a modified 
Cranck-Nicolson scheme. The modification is due to 
the source term in equation (7). The calculation of this 
source term requires the evaluation of spatial integrals 
over the source function iP(T(x)) (see Appendix A). 
This is done analytically after quadratic interpolation 
of the iP(T(x3). As the source functions depends non- 
linearly on T, we use the method of successive under- 
relaxation for every Crank-Nicolson step tj --* tj+ 1 in 
order to find the correct T(x ,  tj+O. Details of the 
numerical algorithm are given in Appendix B. 

Because of the strong temperature gradient associ- 
ated with the initial nonequilibrium temperature dis- 
tribution, the x, were chosen very dense 
( x 2 - x l  "~ d/2000) near the front side and sparse 
( x , - x , _  ~ "~ d/20) near the back side (n = 50). As 
thermal relaxation proceeds faster at early times than 
at later times, the time steps were incremented expo- 
nentially by a factor of Atlast/Atr~t "" 2000. 

Taking the nonequilibrium temperature dis- 
tribution induced by the laser-pulse as the starting 
point of the simulation, we observed short range oscil- 
lations of the calculated temperature profile near to 
the front side for the first time steps. These oscillations 
arise because the initial temperature gradient is very 
strong and the 'yon Neumann' condition 

2x At 
< 1 (12) 

( X i +  I - -  Xi) 2 

is violated, even when starting with timesteps as short 
as At = 5 #s. Although the Crank-Nicolson scheme is 
stable (the oscillations remain finite), numerical errors 
might appear which could violate energy conservation 
or produce wrong heat transfer characteristics. There- 
fore, we compared our numerical simulation for the 
case of pure conduction (no radiative transfer) and 
adiabatic boundaries with the analytical solution for 
the backside temperature rise (see ref. [19]) 

Tback(t ) = T~{1 & k / k2xn2 \ )  +k~  (--1) e x p , - -  - - - ~  t)~. 

(13) 
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incoming I incoming I 

light I light I 

s a m p l e  ~ integrating sphere 

detector detector J 
sample 

Fig. 2. Experimental setup for measurement of diffuse trans- 
mission and reflection. The sample is irradiated on its front 
side with monochromatic light. The hemispherically diffusely 
transmitted/reflected radiation is detected by virtue of the 

integrating sphere. 

20 

15 

~ 1 0  ~ _  

5 

0 2  3 ,~ ' 5 ' 6 ' "I ' 8 
[p,m] 

Fig. 3. Scaled specific extinction e* of pressed alumina pow- 
der with 40% porosity. The peaks in the measured extinction 
( ) between 2.5 and 3.6 #m are due to adsorbed water 
(humidity of the air) and would thus be absent for a dry 

sample ([3). 

The relative deviations were smaller than 0.003. 
Furthermore, we found that these deviations can be 
reduced by increa~;ing the spatial discretization and 
thus cannot be attributed to a deficiency of the time 
integration algorithm. Indeed, simulations with a 
greater number of timesteps did not improve the 
deviation. Howew;r, a numerical error of 0.003 is 
acceptable as it is much smaller than the experimental 
error of the laser-flash method itself. 

When switching: on radiative transfer, assuming 
different values for specific extinction and albedo and 
varying the number of spectral bands, we always 
obtained the sarrLe equilibrium temperature (for 
reflecting boundaries) as in the case of pure conduc- 
tion. So the spatial integrals of equation (A6) seem 
to be well approximated by the method described in 
Appendix B, otherwise we would expect energy con- 
servation to be vio][ated. 

4. EXPERIMENTAL INPUT PARAMETERS 

The scattering and absorption properties of the 
samples were determined by measurement of the hemi- 
spherical reflectance and transmission. For  this pur- 
pose a Bruker IFS 66v infrared spectrometer was used 
in connection with an integrating sphere in the two 
configurations depicted in Fig. 2. 

We determined the scaled optical depth z* and 
albedo co* of the samples from the spectral trans- 
mission and reflection data within the 64) three-flux 
approximation outlined in Section 2 (see ref. [15] for 
more details). 

Figures 3 and 4 show experimental data for a pow- 
der compact.~" For  i[ow diffusive transmission ( <  0.02) 
the determination of z* from hemispherical measure- 
ments will not be accurate. This is true for 2 > 6.5 
#m. However, for ;~ > 6.5/~m absorption is the only 
source ofextinctiorL (see Fig. 4). In this region we may 
thus use the spectral absorption of bulk alumina as 

t Alcoa A16SG. 

1 

0.8 

~o 0.6 

~ 0 . 4  

0.2 ~ 

2 3 4 5 6 7 8 
~, [p.m] 

Fig. 4. Scaled albedo to* of pressed alumina powder with 
40% porosity. The strong absorption peaks exhibited by the 
measured albedo ( ) are due to humidity and would not 

be present for a dry sample (l-q). 

measured by Cabannes [20] (the last two data points 
of the ([-]) curve are taken from this reference). 

As refractive index and absorption coefficient vary 
with temperature, the obtained spectroscopic data are 
temperature dependent. However, the experimental 
determination of hemispherical transmission and 
reflection is difficult at elevated temperatures. 

So we corrected the spectroscopic data obtained at 
room temperature for higher temperatures under the 
following assumptions : 

(a) for many ceramics the variation of the refrac- 
tive index with temperature is relatively small and 
thus may be neglected (e.g. alumina : An < 0.002 for 
AT = 100 I~ [21]) ; 

(b) the scattering properties of a disperse ceramic 
material are dominated mainly by the refractive index 
but less by the absorption coefficient; 

(c) the effective absorption coefficient of the dis- 
perse material is proportional to the absorption 
coefficient k of the dense material. 

With these assumptions, optical depth and albedo 
transform from low temperature to high temperature 
according to 
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k h i g h  
( l - -  ( Z O h ~ i g h ) T h ~ i g h  = k~ow (1 - ( D l ~ o w ) ~ ' l ~ o w ,  

* * * * ( 1 4 )  ~ ) h i g h ' C h i g h  ~ ( O l o w l ' l o w -  

Although a rigorous proof of the range of validity 
of (b) and (c) cannot be given because the details of 
scattering and absorption depend on the unknown 
microstructure and possibly cannot even be predicted 
theoretically, the approximate validity of this ansatz 
may be justified by considering two extreme cases, 
scattering by pores and scattering by particles. 

A highly dense material can be seen as a bulk 
material with isolated pores. So absorption is only due 
to the bulk matter between the pores, which them- 
selves do not absorb but only scatter. Thus (b) and 
(c) are fulfilled. 

On the other hand, highly porous materials may 
be regarded as composed of individual particles. We 
calculated Mie scattering and absorption cross-section 
[22] in the wavelength range 2 = 1, . . . ,  10 #m for 
particle sizes a = 0.1 . . . .  , 20 #m, absorption co- 
efficients k = 0.01 . . . .  ,500 cm-~ and refractive indices 
n = 1.0, . . . ,  2.5 for 1 < khigh/klow ~ 10. In general, 
relation (14) was found to hold within 10%, except 
for large particles with high absorption at short wave- 
lengths. In this case absorption and extinction are 
overestimated by the above relation. However, many 
ceramic materials show high absorption at long wave- 
lengths and low absorption at short wavelengths [20]. 
Thus equation (14) can be considered a good approxi- 
mation. 

As the assumptions hold in these extreme cases, 
they are supposed to hold for the true microstructure, 
which may be seen as an 'intermediate scenario', too. 

Radiative transfer is sensitive to the refractive index 
n due to the quadratic dependence of the Planck func- 
tion on n (compare equation (2)). We used the spectral 
refractive index data given in ref. [21]. As we deal with 
a porous medium the 'effective index of refraction' is 
neither that of the solid nor that of the gas, which fills 
the pores. Various effective medium approximations 
(EMAs) exist predicting ne~ for matrices and 
inclusions of different shapes in the quasistatic limit 
[23]. However, Aspnes [24] pointed out, that these 
theories generally tend to underestimate the observed 
effective refractive index because wave guide mech- 
anisms that appear in finite wavelength theories lead 
to a concentration of the wave in the medium with 
higher n. So the correct value of ne~ is higher than that 
deduced from the EMAs. 

Lacking a better prescription we have chosen 
n~ = n~o~id for our calculations and will thus obtain an 
upper limit for the radiative contributions. Further- 
more, we used as input parameters : 

• thermal diffusivity K measured with our laser-flash 
apparatus ; 

• cp from ref. [25] ; 
• variation of spectral absorption coefficient with tem- 

perature from ref. [20]. 

25[  :c-, 

20 i 
i 
i 
I 

i 
i 
6 

*o10 ~ I 

5 - I 

i ! 

% [gin] 
Fig. 5. Scaled specific extinction e* of pressed alumina pow- 
der (V1) with 40% porosity, extrapolated to 850°C (compare 
with Fig. 3) and spectral bands ( - - - )  for the eight-band- 

simulation. 

0.8 

~ 0 . 6  

~ 0 . 4  

0.2 

O 
2 3 

t . . . . .  -L 

i . . . . . . . . . . . .  
I I i 

4 5 6 7 8 
~. [gm] 

9 

Fig. 6. Scaled albedo t~* of pressed alumina powder ([]) 
with 40% porosity, extrapolated to 850°C (compare with 
Fig. 4) and spectral bands ~ - - )  for the eight-band-simu- 

lation. 

5. RESULTS AND DISCUSSION 

Spectroscopic measurements of the diffuse reflec- 
tion and transmission were made on ceramic powder 
compacts as well as on sintered ceramic pellets. These 
measurements were corrected for the temperature 
dependence of the absorption as explained in the pre- 
ceding section. The effect of this correction, when 
going from ambient temperature to 850°C, is shown 
in Figs. 5 and 6 for the measurements on alumina 
powder depicted in Figs. 3 and 4. 

In order to check how many spectral bands are 
necessary to represent the spectral variation of extinc- 
tion and albedo with sufficient accuracy, we compared 
an eight-band-simulation and a 16-band-simulation. 
The results were the same in both cases. So we chose 
the eight-band-model for all further simulations. A 
typical run with eight spectral bands from t = 18 #s, 
. . . .  2 s needs approximately 3 min on a HP9000/715 
workstation (standalone). 

For pressed powder compacts non-radiative heat 
transfer takes place through the solid gas phase. Thus 
only under vacuum conditions is conductive heat 
transfer due to phonons alone. The thermal diffusivity 
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:~o.4 

~ 0 . 2  
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onset  of  s i n t e f i n ~  

260460660860 1obo'11oo'14oo 
temperature  [°C] 

Fig. 7. Thermal diffusivity of an alumina powder compact, 
measured from room temperature to 1400°C via the laser- 

llash method [26]. 

1.5 

0 i I I I 

0 1 2 3 4 5 
t ime Is] 

Fig. 8. Numerical simulation of the backside temperature 
rise ( ) for a 1 mm thick sample of pressed alumina 
powder, including radiative heat transfer. Fitted curve 

(- - -), assuming no radiative transfer. 

data shown in Fig. 7 are taken from ref. [26] and were 
obtained by laser-flash measurements on a 1 mm thick 
powder compact, that was heated from room tem- 
perature to 1400°C. The contribution to the thermal 
conductivity of ceramic powders, which is provided 
by phonons, decreases with increasing temperature 
(roughly oc l/T) urLtil the onset of sintering, while heat 
transfer through the gas phase increases 
(roughly oz x/T) as well as radiative heat transfer 
(oc T3). Therefore we expect the interpretation of 
laser-flash measurements on ceramic powders to be 
altered most significantly due to radiative heat transfer 
for temperatures just below the onset of sintering. 

In the following, we assume that the conductive 
heat transfer through solid and gas can be described 
by an effective thermal diffusivity x. 

From Fig. 7 we see that a thermal diffusivity of 
x . . . .  = 0.167 mm2/s -~ was measured at 850°C. This 
value was obtained by fitting the total experimental 
backside temperature rise with the analytical solution 
[191. 

o9  

Thank(t) = 2Too d )-i flkexp(--Kfl~t) 
k = l  

flk COS(ilk d) + l sin(fl~ d) 
x , (15) 

(fl~+12)d+21 

where flk are the pc,sitive roots of 

2tiff 
tan(fig d) - p ~ - t  2 '  

which assumes pure conduction but allows for radi- 
ative loss at the boundaries. Fit-parameters were the 
adiabatic equilibrium temperature T~, the thermal 
diffusivity x and the loss factor l. 

Taking x = 0.145 mm2/s -~ as input parameter for 
the diffusivity we simulated the evolution of the tem- 
perature in the sample within a eight-band-model for 
the optical characteristics given in Figs. 5 and 6. The 
resulting backside temperature rise was then fitted 

with equation (15). Both curves are shown in Fig. 8. 
We observe that the fit-curve almost coincides with 
the simulated curve for the fit-value of Xapp = 0.167 
mmE/s -l ,  but this is just the measured thermal diffu- 
sivity, thus a naive interpretation of the laser-flash 
measurement would lead to overestimate the thermal 
conductivity by 15%. As the simulated curve is well 
approximated by the fit-curve, we conclude that radi- 
ative contributions cannot be ruled out at first glance 
from the observation that the measurement yields a 
'normally shaped' temperature rise. Repeating the 
simulation with the same input parameters but for a 
sample of 2 mm thickness we obtained a deviation of 
25%. 

From the close agreement of the two curves in Fig. 
8, one is tempted to conclude that radiative con- 
tributions mainly come from bands of high optical 
thickness, where the Rosseland diffusion approxi- 
mation [10] can be applied, yielding Xapp = x+Kr,d. 
But if this were so, xapp should be independent of the 
sample thickness. 

This dependence can be explained when including 
contributions from bands of intermediate optical 
thickness. From equation (7) we know, that for any 
point inside the sample, the velocity of thermal relax- 
ation due to conduction is proportional to the cur- 
vature of the temperature profile at this point. As 
thermal relaxation progresses, the curvature dimin- 
ishes and thermal relaxation slows down. On the other 
hand, using the explicit expression (A8) for the radi- 
ative flux and assuming a linear temperature profile 
in the sample, it can be shown by analytical calculation 
that even for vanishing curvature of the temperature 
profile we get divqrad(X):~ 0 from bands of inter- 
mediate optical thickness. So the temperature evol- 
ution in the sample will be dominated by conduction 
for strong curvature and by radiation for weak cur- 
vature. As a thick sample needs more time for thermal 
relaxation than a thin one so, during a longer time, 
the curvature of the temperature profile in the thick 
sample is smaller than the one in the thin sample. This 
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Fig. 9. Detail of Fig. 8, showing deviations between simu- 

lation ( ) and fit-curve ( - - ) .  

enhances the importance of radiative relaxation for 
thick samples. 

Indeed, a closer look on the curves reveals a trace 
of the non-diffusive character of radiative transfer in 
the beginning of the rear side temperature rise (see 
Fig. 9). Diffusion alone cannot account for the smooth 
onset of the temperature rise. However, this effect is 
small and it will hardly be appropriate for discerning 
radiative transfer experimentally. We conclude that 
samples should be as thin as possible, if one wants 
to measure x because radiative contributions from 
spectral regions of intermediate optical thickness will 
then be less important. 

We will shortly discuss the influence of some other 
input parameters. Doubling the laser energy did not 
show any effect on the apparent thermal diffusivity. 
Thus the nonlinear dependence of thermal radiation 
on temperature seems to be negligible and the deter- 
mination of Xapp will remain independent of laser 
energy as it is in the case of pure conduction. The 
penetration depth of the laser radiation (1/kL) was 
found to be irrelevant for the determination of the 
apparent diffusivity (deviation < 1%), as long as 
kLd > 25 is guaranteed. 

Variation of the boundary conditions, from aver- 
aged Fresnel reflection to total reflection, only 
changed /£app by 2%. This means that radiative con- 
tributions will be of the same order of magnitude for 
gold-coated samples as they are for uncoated samples. 
This is not true for absorbing coatings, which modify 
the shape of the backside temperature rise in a differ- 
ent way and thus introduce additional difficulties in 
the determination of the thermal diffusivity [2]. 

We emphasize, that the relative importance of radi- 
ative transfer for measurements on pressed powders 
will be enhanced under vacuum conditions due to the 
diminished x. 

In the case of sintered samples, radiative con- 
tributions should be highest at very elevated tem- 
peratures for the reasons quoted above. At 1600°C 
we measured x . . . .  = 1.28 mm2/s - ~ for a 1 mm thick 
alumina sample with 2% residual porosity. Using this 
thermal diffusivity as input parameter for our simu- 

Table 1. Comparison of measured and calculated thermal 
diffusivities 

d [mm] ~c . . . .  [mm 2 S 1] Kap p [mm 2 s-'] 

0.777 + 0.005 0.293 + 0.005 0.2938 
1.292 + 0.005 0.304 + 0.006 0.3058 
1.800 + 0.005 0.323 + 0.010 0.3143 
2.309_+0.005 0.364_+0.011 0.3197 

lation, we obtained (in the same way as before) an 
apparent thermal diffusivity of Gpp-- 1.297 mm2/s. 
The relative error when neglecting radiative effects 
will thus amount to only 1.3%. Repeating the simu- 
lation for a sample of 2 mm thickness we got a devi- 
ation of 2.6%. So, for dense alumina, radiative trans- 
fer disturbs the measurement of the thermal diffusivity 
only by a small amount, even at elevated tempera- 
tures. 

In order to check these theoretical predictions, sam- 
ples of different thickness d were cut out of an alumina 
powder compact that was previously tempered at 
900°C for 50 h. The pre-tempering ensures that no 
microstructural changes will take place at tem- 
peratures below 900°C, when carrying out the 
measurements. At room temperature the same ther- 
mal diffusivity was measured for all samples 
(K7 . . . .  = 1.140 mm2/s-1), but at 850°C the samples 
showed increasing thermal diffusivity with increasing 
thickness. In Table 1 the measured diffusivities are 
compared to numerical simulations assuming 
~c = 0.2710 mm2/s 1 as input parameter. 

The good agreement between theoretical prediction 
and experiment for the first three samples justifies the 
validity of the 6~) three-flux approximation (Section 
2) and the extrapolation scheme for the spectroscopic 
data (Section 4). The discrepancy for the thickest sam- 
ple is attributed to radial radiative loss, which is more 
important for thicker samples than for thinner ones. 
The samples had a diameter of 11 mm, thus the radial 
surface of the thick sample already amounts 30% of 
its total surface. 

Although we treated the special case of alumina in 
the foregoing, the general results of our analysis will 
be valid for other ceramic materials (e.g. magnesia, 
zirconia), which possess similar optical properties. 
However, for a quantitative prediction it is indis- 
pensable to repeat the above analysis with the optical 
and thermal properties of the corresponding material. 

6. CONCLUSION 

A method for the numerical simulation of transient 
combined conductive/radiative heat transfer in 
absorbing, emitting and scattering media is described 
and used for quantitative simulations of laser-flash 
measurements. 

It is shown how the scattering and absorption 
properties can be obtained from spectroscopic 
measurements at room temperature and under which 
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assumpt ions  these da ta  can be extrapola ted to higher  
temperatures.  

Consider ing a lumina  powder  compacts  as an  exam- 
ple for materials  with low thermal  diffusivity it is 
shown, tha t  laser-f lash measurements  may  lead to a 
considerable overes t imat ion of  the diffusivity. It is 
found  tha t  radiat ive cont r ibu t ions  are less impor t an t  
for th in  samples than  for thick ones. A n  explanat ion 
for this effect is giw,'n, based on the non-local  character  
of  radiat ive interact ion and  the relaxat ion propert ies  
of  diffusive heat  transfer.  The thickness dependence 
of  the measured  thermal  diffusivity may serve as an  
exper imental  indica tor  for  the presence of  appreciable 
radiat ive heat  t ransfer  f rom spectral regions of  inter- 
mediate  optical thickness. It  is demonst ra ted ,  tha t  
even if  the measured  backside tempera ture  rise has the 
shape of  a ' no rma l '  laser-f lash measurement ,  radiat ive 
cont r ibu t ions  canno t  be excluded. For  sintered, dense 
a lumina  radiat ive cont r ibu t ions  were found to be 
small, up to 1600°C. 

Finally, we would like to remark,  tha t  m a n y  optical 
and  the rmal  mater:ial propert ies  must  be known  for a 
quant i ta t ive  prediction.  Exact  knowledge of  the spec- 
tral  dependence  of  the scaled ext inct ion and  albedo in 
the near  infrared is of  great  impor tance ,  as radiat ive 
t ransfer  is very sensitive to these data.  
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APPENDIX A. THREE FLUX MODEL 

Writing down (5) for the three discrete directions/~0 = 0, 
/z2 = - # ,  and inserting (6), the integrodifferential equations 
decomposes in an algebraic equation for #0 = 0 and a set of 
two coupled linear differential equations for #t and -#~. 
Eliminating 10 with help of the algebraic equation yields 
(I+:= &, I_ ,=/2) : 

d (l+(z*)) ( A - 1  

~ \ i  (**)/= \ -A 
A 

- (A - 1))  \1_ (~*)} 

+(¢'):( ll)iP(T(z*)) (A1) 

with 

o9*al/2 
A and ~' = x/1--2A. (A2) 

1-co*a0/2 

The solution of (A1) can be constructed as linear com- 
bination of the matrices eigenvectors 
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(Ii: (z*)'~ . . . .  z"I'C\ " (z*)(I'~\C] with C =  A 
( z * ) ) -  p t ) ~ l )  +/1 1 - A + ¢ ' "  

(A3) 

The coefficient functions r±  (z*) are solutions of 

d 
d-~,~-( ) = _+~/~-+(~*) -7- ~i"(r(~*)) 

with~ = ~ '  and ct (A4) 
#1 = ~ - C "  

Allowing for reflections at  the boundaries one obtains 

r+  (Y) = r+  (1) exp ( - ~z* (1 - ~)) + bw(g) 

fl (2) = r -  (0) exp ( -  {z 'g)  +fw(g), (A5) 

where 

fw(£) = ctz* f~ d'Y'iP(T(Y')) exp ( -  ~z*(g-  g')) 

bw(~) = c~r* d~' iO(T(~') )exp(-¢~*(£ ' -20)  

r+  (1) = de@M [M22 (Tofg~-- ( C -  Ro)bw(O)) 

-- M,2 (T] P~¢ - ( C -  R, ) fw(1) ) ]  

r -  (0) = d e ~  [ -  M2, (ToIio "~ - ( C -  Ro)bw(O)) 

+M,~(T l l~"~- (C-R , ) fw(1) ) ]  (A6) 

and 

• f(C--Ro) exp ( -  ez0*) (I --RoC), • ~. 
M 

\ (1--RI C) ( C - R l ) e x p ( - ~ z * ) /  

Within the three flux model the radiative flux (8) reads 

q r a d ( X ,  t )  = ~ 2~rad~,[(1 --C)( f l - (x ,  t)--fl+(x, t))]~, 
m = l  

(A7) 

while the divergence of the radiative flux (9) yields 

divq~ad(X, t) = ~ 2na, [e*(~')2(2iP(T(x, t)) 
m = l  

- ( l+C)( f l - ( x , t )+ f l+(x , t ) ) ) ] , , .  (A8) 

So the inhomogeneity of (7), given by (9), is non-local in 
space (but local in time) as the fl+(x, t) contain spatial inte- 
grals over i~,,(T(x, t)). 

APPENDIX B. NUMERICAL IMPLEMENTATION 

B.1. Spatial integrals 
The dynamics of the sample's temperature profile is calcu- 
lated at n non-equally spaced positions x,; i = 1, . . . ,  n. 
T(x ,  t) is the front side temperature, T(x,, t) is the rear 
side temperature. For  evaluation of the r±  (£, t) we split the 
integral in (A.5) 

t) = 0¢'C~ f~  d.~'iP(T(~, t)) exp ( -  ~z*(~, - ~') fw(£,, 

= ~z~' ~ d2'~(T(g ', t)) exp (-- ~*(x i - -x ' )  
k =  I d ~  k 

bw($,, t) = ~z* d2"i P (T(Y;', t)) exp ( - ~z*(£' - £,) 

n - - I  (~:~k+/ 

= c~z0* ~ / cL-~'F(T(Y',t))exp(-~z*(£'--Y,) (B1) 
k=i  "]~k 

and approximate iP(T(Y ', t)) by a polynomial of degree two 
in the vicinity of~?~ and linear in the rest of the sample, e.g. 

i~(T(~, t)) = 

{pi 
.~ 2 q- q,~ + r, in [2,_, . . . . .  g~+, ] 

(B2) 
qk2+rk in D?k . . . . .  2k+,] fo rk  ~ i - - l , i '  

where p,, q~ and r, are linear combinations of ie(T(£~_ ~, t)), 
Y(T(£~, t)) and ie(T('Y~+ L, t)), while qk and rk are linear com- 
binations of iP(T(£k,t)) and iP(T(£k+,,t)). This approxi- 
mation is superior to Hottel 's zonal method [6, 27]. Now 
the integrations in (B. 1) can be performed analytically. Re- 
arrangement of the sum finally yields the weights w~ : 

i +  I 

fw(Yi, t) = ~z* ~ iP(T(:?k, t))w~ 
k = l  

bw(~, t)  = at* ~ iP(T(£k,t))w/i. (B3) 
k = i  I 

B.2. SUR and time iteration 
The time integration was performed iteratively. A modified 

Crank-Nicolson method [28] was used, as it is second-order 
accurate in space and time. This finite difference method is 
the arithmetical average of an explicit and a fully implicit 
scheme, e.g. (7) is replaced by 

T(x, t,+ 1 ) -- T(x, tj) •cond / 02 0 2  / 
pcp ty+,--t/ 2 ~ x z T ( x ' t j + l ) +  ~x 2T(x' t j )  

i 

1 
= -- ~(div q~d (x, tj+~ ) + div qr~ (X, tfl). (B4) 

After finite differencing the diffusion term, inserting (B3) in 
(A5) and using the expansion given in equation (9), the 
above equation could be rewritten as an inhomogeneous 
system of linear equations for the unknown 
T~+ 1 =  T(x .  tj+ 1) and therefore be solved, if iP(T) were a 
linear function of T. 

In order to solve the nonlinear system we first express 
ff(T~ +1) as 

i~(T) aB 4 = ~ - ( f 0  ~. + , (T) - f0  ~ ( T ) ) T ,  (B5) 

wheref0_~(T) can easily be evaluated by a series expansion 
[10] and then expand T ~ in a Taylor series around a fixed 7~: 

T 4 ,~ 4203T-327 4. (B6) 

Finally we obtain 

• P ,J+ 1 ~ -P ~+ I 
l m ( 7 7 i  ) ~  (fo-~+~(f'i)--fo-~ (2?i)) 

x(4(L)3T~ +~-3(L)4) .  (B7) 
Note that  this approximation actually gives the exact value 

for 20, = T~ + 1. With this linearization an approximation 27, + 
for the T~ ÷ i can now be calculated from (B4) for given 2?,. 
The correct T{ +~ are then found (for  every time step j 
j + l )  by SUR (successive under relaxation), that  is: (a) 
L = T~ is taken as initial guess ; (b) T,:~ =f(TJ,, L)  are cal- 
culated from (B4) ; (c) 2?, is replaced by 20~+ ; (d) Step (b) and 

+ 7 +  + (c) are repeated until 120;-2?,[ < e ;  (e) T~ :=2?, is 
found. In practice only few iterations were necessary for 
e = 1 0  SK. 


